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Abstract
The paper is devoted to introduce some notions extending the unique path lifting
property from a homotopy viewpoint and to study their roles in the category of
fibrations. First, we define some homotopical kinds of the unique path lifting prop-
erty and find all possible relationships between them. Moreover, we supplement the
full relationships of these new notions in the presence of fibrations. Second, we de-
duce some results in the category of fibrations with these notions instead of unique
path lifting such as the existence of products and coproducts. Also, we give a brief
comparison of these new categories to some categories of the other generalizations
of covering maps. Finally, we present two subgroups of the fundamental group re-
lated to the fibrations with these notions and compare them to the subgroups of the
fundamental group related to covering and generalized covering maps.
Keywords: Homotopically lifting, Unique path lifting, Fibration, Fundamental
group, Covering map.
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1. Introduction
1.1. Motivation
We recall that a map p : E −→ B is called a fibration if it has homotopy lifting
property with respect to an arbitrary space. A map p : E −→ B is said to have
unique path lifting property if given paths w and w′ in E such that p ◦ w = p ◦ w′
and w(0) = w′(0), then w = w′ (see [10]).
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Fibrations in homotopy theory and fibrations with unique path lifting property,
as a generalization of covering spaces, are important. In fact, unique path lifting
causes a given fibration p : E −→ B has some behaviours similar to covering maps
such as injectivity of induced homomorphism p∗, uniqueness of lifting of a given
map and being homeomorphic of any two fibers [10]. Moreover, unique path lifting
has important role in covering theory and some recent generalizations of covering
theory in [1, 2, 3, 5]. In the absence of unique path lifting, some certain fibrations
exist in which some of the above useful properties are available. However, these
fibrations lack some of the properties which unique path lifting guaranties them,
notably homeomorphicness of fibers.
We would like to generalize unique path lifting in order to preserve some homo-
topical behaviors of fibrations with unique path lifting. In Section 2, we consider
unique path lifting problem in the homotopy category of topological spaces by intro-
ducing some various kinds of the unique path lifting property from homotopy point
of view. Moreover, we find all possible relationships between them by giving some
theorems and examples. Then in Section 3, we supplement the full relationships be-
tween these new notions in the presence of fibrations and also study fibrations with
these new unique path lifting properties .
By the weakly unique path homotopically lifting property (wuphl) of a map p :
E −→ B we mean that if p ◦ w ≃ p ◦ w′ rel I˙, w(0) = w′(0) and w(1) = w′(1), then
w ≃ w′ rel I˙. We will show among other things that a fibration has wuphl if and only
if every loop in each of its fibers is nullhomotopic, which is a homotopy analogue of
a similar result when we deal with unique path lifting property (see [10, Theorem
2.2.5]).
In Section 4, we make a new category, Fibwu, in which objects are fibrations
with weakly unique path homotopically lifting property and commutative diagrams
are morphisms. This category has the category of fibrations with unique path lifting
property, Fibu, as a subcategory. Also, by fixing base space of fibrations, we con-
struct the category Fibwu(B) of fibrations over a space B with weakly unique path
homotopically lifting property as objects and commutative triangles as morphisms.
We show that these new categories have products and coproducts. A brief compar-
ison of these new categories to the categories of other generalizations of covering
maps is brought at the end of the section.
Finally, in the last section, we introduce two subgroups of the fundamental group
of a given space X , pifu1 (X, x) and pi
fwu
1 (X, x). In fact, these are the intersection of all
the image subgroups of fibrations with unique path lifting and fibrations with weakly
unique path homotopically lifting over X , respectively. We find the relationships of
these two subgroups with the two famous subgroups of the fundamental group, the
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Spanier group pisp1 (X, x) and the generalized subgroup pi
gc
1 (X, x) (see [6] and [1],
resectively). As an application, we show that the category Fibu(X) admits a simply
connected universal object if and only if pifu1 (X, x) = 0.
1.2. Preliminaries
Throughout this paper, all spaces are path connected. A map f : X −→ Y means
a continuous function and f∗ : pi1(X, x) −→ pi1(Y, y) will denote a homomorphism
induced by f on fundamental groups when f(x) = y. Also, by the image subgroup of
f we mean f∗(pi1(X, x)).
For given maps p : E −→ B and f : X −→ B, the lifting problem for f is
to determine whether there is a map f ′ : X −→ E such that f = p ◦ f ′. A map
p : E −→ B is said to have the homotopy lifting property with respect to a space X
if for given maps f ′ : X −→ E and F : X × I −→ B with F ◦ J0 = p ◦ f
′, where
J0 : X −→ X × I defined by J0(x) = (x, 0), there is a map F
′ : X × I −→ E such
that F ′ ◦ J0 = f
′ and p ◦ F ′ = F .
If α : I −→ X is a path from x0 = α(0) to x1 = α(1), then α
−1 defined by
α−1(t) = α(1 − t) is the inverse path of α. For x ∈ X , cx is the constant path at
x. If α, β : I −→ X are two paths with α(1) = β(0), then α ∗ β denotes the usual
concatenation of the two paths. Also, all homotopies between paths are relative to
end points.
A covering map is a map p : X˜ → X such that for every x ∈ X , there exists an
open neighborhood U of x, such that p−1(U) is a union of disjoint open sets in X˜ ,
each of which is mapped homeomorphically onto U by p.
The category whose objects are topological spaces and whose morphisms are
maps is denoted by Top and, by hTop, we mean the homotopy category of topolog-
ical spaces. By Fib, we mean the category whose objects are fibrations and whose
morphisms are commutative diagrams of maps
E h //
p

E ′
p′

B h
′
// B′
where p : E −→ B and p′ : E ′ −→ B′ are fibrations. For a given space B, there
exists a subcategory of Fib, denoted by Fib(B), whose objects are fibrations with
base space B and morphisms are commutative triangles.
E
h
//
p
  ❆
❆
❆
❆
❆
❆
❆
❆
E ′
p′

B
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If we restrict ourselves to fibrations with unique path lifting, then we get two subcat-
egories of Fib and Fib(B) which we denote them by Fibu and Fibu(B), respectively.
2. Homotopically Lifting
Let p : E → B be a map and α : I → B be a path in B. A path α˜ : I → E is
called a lifting of the path α if p ◦ α˜ = α. Existence and uniqueness of path liftings
are interesting problems in the category of topological spaces, Top. We are going to
consider the path lifting problems in the homotopy category, hTop.
Definition 2.1. Let p : E → B be a map and α : I → B be a path in B. By a
homotopically lifting of the path α we mean a path α˜ : I → E with p ◦ α˜ ≃ α rel I˙.
In the following, we recall the well-known notion unique path lifting and introduce
some various kinds of this notion from homotopy point of view.
Definition 2.2. Let p : E → B be a map and let α˜ and β˜ be two arbitrary paths in
E. Then we say that
(i) p has unique path lifting property (upl) if
α˜(0) = β˜(0), p ◦ α˜ = p ◦ β˜ ⇒ α˜ = β˜.
(ii) p has homotopically unique path lifting property (hupl) if
α˜(0) = β˜(0), p ◦ α˜ = p ◦ β˜ ⇒ α˜ ≃ β˜ rel I˙ .
(iii) p has weakly homotopically unique path lifting property (whupl) if
α˜(0) = β˜(0), α˜(1) = β˜(1), p ◦ α˜ = p ◦ β˜ ⇒ α˜ ≃ β˜ rel I˙ .
(iv) p has unique path homotopically lifting property (uphl) if
α˜(0) = β˜(0), p ◦ α˜ ≃ p ◦ β˜ rel I˙ ⇒ α˜ ≃ β˜ rel I˙ .
(v) p has weakly unique path homotopically lifting property (wuphl) if
α˜(0) = β˜(0), α˜(1) = β˜(1), p ◦ α˜ ≃ p ◦ β˜ rel I˙ ⇒ α˜ ≃ β˜ rel I˙.
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Example 2.3. Every continuous map from a simply connected space to any space
has wuphl and whupl. Note that every injective map has upl and also, for injective
maps, wuphl and uphl are equivalent.
We recall that for a given pointed space (X, x), P (X, x) is the set of all paths in
X starting at x. Also, we recall that the fundamental groupoid of X is the set of all
homotopy classes of paths in X which we denote it by ΠX
ΠX = {[α] | α : I −→ X is continuous}.
If f : X −→ Y is a map, then by Pf : P (X, x) −→ P (Y, y) we mean the function
given by Pf(α) = f ◦ α and by f∗ : ΠX −→ ΠY we mean the function given by
f∗([α]) = [f ◦ α]. Also, by a slight modification, we define the set of all paths in X
starting at x
Π(X, x) = {[α] ∈ ΠX | α(0) = x}.
By a straightforward verification we have the following results.
Proposition 2.4. Let p : E −→ B be a map. Then
(i) Injectivity of Pp : P (E, e) −→ P (B, b) for any e ∈ E is equivalent to p having
upl.
(ii) Injectivity of p∗ : pi1(E, e) → pi1(B, b) for any e ∈ E is equivalent to p having
wuphl.
(iii) Injectivity of p∗ : Π(E, e) → Π(B, b) for any e ∈ E is equivalent to p having
uphl.
(iv) Injectivity of p∗ : pi1(E, e)→ pi1(B, b) for any e ∈ E implies that p has whupl.
(v) Injectivity of p∗ : ΠE → ΠB implies that p has wuphl.
(vi) Injectivity of p∗ : Π(E, e)→ Π(B, b) for any e ∈ E implies that p has hupl.
It is worth to note that the converse implications of (iv) and (vi) do not hold
in general (see Example 2.8, part (iv)). To see that the converse implication of (v)
does not hold, consider the first projection pr1 : R
2 −→ R and the two paths
α˜, β˜ : I −→ R2 given by α˜(t) = (t, 1) and β˜(t) = (t, 2). Obviously, pr1 ◦ α˜ = pr1 ◦ β˜
while α˜ and β˜ do not have the same initial and end points.
In the next proposition, we show that uniqueness and homotopically uniqueness
of path lifting are equivalent.
Proposition 2.5. A map p : E → B has upl if and only if p has hupl.
Proof. By definitions, if p has upl, then p has hupl. Let p have hupl and α˜ and β˜ be
two paths in E with α˜(0) = β˜(0), p◦ α˜ = p◦ β˜. Define, for every t ∈ I, α˜t, β˜t : I → E
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by α˜t(s) = α˜(st) and β˜t(s) = β˜(st). Clearly α˜t(0) = β˜t(0) and p ◦ α˜t = p ◦ β˜t. Since p
has hupl, we have α˜t ≃ β˜t rel I˙ and so α˜t(1) = β˜t(1) which implies that α˜(t) = β˜(t).
Hence α˜ = β˜.
Using definition and a similar argument as the above, the following results hold.
Proposition 2.6. The following implications hold for any map p : E → B.
(i) upl⇒ whupl.
(ii) uphl ⇒ whupl.
(iii) uphl⇒ wuphl.
(iv) uphl⇒ upl.
(v) wuphl⇒ whupl.
A map p : E −→ B is said to have the unique lifting property with respect to a
space X if by given two liftings f, g : X −→ E of the same map (that is p◦f = p◦g)
such that agrees for some point of X , we have f = g. Since maps with upl have
unique lifting property with respect to path connected spaces [10, Lemma 2.2.4], the
following result is a consequence of the implication uphl⇒ upl.
Corollary 2.7. If a map has uphl, it has the unique lifting property with respect to
path connected spaces.
Following examples show that the converse of implications in Proposition 2.6 do
not hold.
Example 2.8.
(i) wuphl ; uphl. Let E = {0} × [0, 1] × [0, 1] and B = {0} × [0, 1] × {0}. If
p : E −→ B is the vertical projection from E onto B, then p has wuphl since E is
simply connected. But p does not have uphl. For if α˜, β˜ : I −→ E are two paths with
α˜(t) = (0, 0, t
2
) and β˜(t) = (0, 0, t) and α : I −→ B is the constant path at (0, 0, 0),
then α˜(0) = (0, 0, 0) = β˜(0) and p ◦ α˜ = α = p ◦ β˜ while α˜ and β˜ are not path
homotopic.
(ii) whupl ; uphl. Using the same example as (i).
(iii) whupl ; upl. Using the same example as (i).
(iv) upl ; uphl. Let E = {(x, y, 2) ∈ R3} − {(0, 0, 2)}, B = {(x, y, 0) ∈ R3} and
p : E −→ B be the vertical projection.
(v) whupl ; wuphl. Using the same example as (iv).
Note that among the results of this section, there are no relationship between
upl and wuphl. In the following example, we show that neither of the two properties
implies the other.
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Example 2.9. The map example introduced in Example 2.8, (iv), has upl but does
not have wuphl. Conversely, let p : {0} × [0, 1] → {0} be the constant map, then p
has wuphl but it does not have upl.
We can summarize the results of this section in the following diagram.
uphl wuphl
whuplupl (hupl)
❄ ❄
✻ ✻
✲
✛
✛
✲
✼
✴
✐
q
3. Fibrations and Homotopically Liftings
In the classic book of Spanier [10, Chapter 2] one can find a considerable studies
on fibrations with unique path lifting property. In this section, we intend to study
and compare fibrations with the various kinds of homotopically unique path lifting
properties introduced in Section 2.
Examples 2.8 (iv) and 2.9 show that the two implications upl (hupl) ⇒ uphl and
upl (hupl) ⇒ wuphl do not hold in general. In the following proposition we show
that these two implications hold with the presence of fibrations.
Proposition 3.1. For fibrations the following implications hold.
(i) upl (hupl) ⇒ uphl
(ii) upl (hupl) ⇒ wuphl
Proof. For (i) see [10, Lemma 2.3.3]. Part (ii) comes from the definitions and part
(i).
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The following corollary is a consequence of the above result and Proposition 2.6
(iv).
Corollary 3.2. For fibrations, upl (hupl) and uphl are equivalent.
In the following example, we show that the converse of Proposition 3.1 (ii) does
not hold. Note that fibrations with unique path lifting which are generalizations of
covering maps, has no nonconstant path in their fibers. In fact, for fibrations, this
is equivalent to the unique path lifting (see [10, Theorem 2.2.5]).
Example 3.3. Let p : X × Y −→ X be the projection which is a fibration, where Y
is a non-singleton simply connected space. If x ∈ X, then the fiber over x, p−1(x) =
{x} × Y is homeomorphic to Y and so every fiber has a nonconstant path which
implies that p does not have upl. To show that p has wuphl, let α˜, β˜ : I −→ X×Y be
two homotopically lifting of a path α : I → X with α˜(0) = β˜(0) = (x0, y0) ∈ p
−1(x0),
where x0 = α(0) and α˜(1) = β˜(1). Then α˜ = (α˜1, α˜2), β˜ = (β˜1, β˜2), where α˜1, β˜1
are paths in X with α˜1(0) = β˜1(0) = x0 and α˜2, β˜2 are paths in Y with α˜2(0) =
β˜2(0) = y0. If p ◦ α˜ ≃ p ◦ β˜ ≃ α rel I˙, then α˜1 ≃ β˜1 rel I˙. Since α˜(1) = β˜(1), we
have α˜2(1) = β˜2(1) and hence α˜2 ∗ β˜
−1
2 is a loop in Y at y0. Simply connectedness of
Y implies that α˜2 ≃ β˜2 rel I˙. Thus α˜ ≃ β˜ rel I˙.
In the following theorem, we show that considering unique path lifting prob-
lem in the homotopy category makes all paths in fibers homotopically constant, i.e.
nullhomotopic.
Theorem 3.4. If p : E −→ B is a fibration, then p has wuphl if and only if every
loop in each fiber is nullhomotopic.
Proof. First, assume that p has wuphl and α : I −→ p−1(b0) is a loop in the fiber
over b0 in E which implies that p ◦ α = cb0 , where cb0 is the constant path at b0.
Also, we have p ◦ cα(0) = cb0 , α(0) = cα(0)(0) and α(1) = cα(0)(1). Then α ≃ cα(0) rel
I˙, since p has wuphl which implies that α is nullhomotopic.
Conversely, let α˜, β˜ : I −→ E be two paths with α˜(0) = β˜(0), α˜(1) = β˜(1) and
p ◦ α˜ ≃ p ◦ β˜, rel I˙. We show that α˜ ≃ β˜ rel I˙. Let γ := α˜−1 ∗ β˜ which is a loop at
α˜(1) = β˜(1). Put x˜0 = α˜(1) and x0 = p(x˜0), then we have
p ◦ γ = p ◦ (α˜−1 ∗ β˜) = (p ◦ α˜−1) ∗ (p ◦ β˜) = (p ◦ α˜)−1 ∗ (p ◦ β˜) ≃ cx0 rel I˙.
Let F : p◦γ ≃ cx0 rel I˙. Since p is a fibration, there exists a homotopy F˜ : I×I −→ E
such that p◦F˜ = F and F˜ ◦J0 = γ. Put f := F˜ (0,−), g := F˜ (−, 1) and h := F˜ (1,−).
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Then f, g and h are paths in E with f(1) = g(0) and g(1) = h(1) = h−1(0). Define
η := f ∗ g ∗ h−1 which is a loop at α˜(1) since
η(0) = f(0) = F˜ (0, 0) = F˜ ◦ J0(0) = γ(0) = α˜
−1(0) = α˜(1),
η(1) = h−1(1) = h(0) = F˜ (1, 0) = F˜ ◦ J0(1) = γ(1) = β˜(1) = α˜(1).
Also, we have
p ◦ η = (p ◦ f) ∗ (p ◦ g) ∗ (p ◦ h)−1 =
F (0,−) ∗ F (−, 1) ∗ (F (1,−))−1 = cx0 ∗ cx0 ∗ (cx0)
−1
which implies that η is a loop in a fiber. By assumption, η is nullhomotopic, namely,
η ≃ cx˜0 rel I˙. On the other hand, if we show that η ∗ γ ≃ cx˜0 rel I˙, then γ ≃
cx˜0 rel I˙ and so α˜ ≃ β˜, rel I˙. Since F˜ is a homotopy such that F˜ |I×0 = γ and
F˜ |({0}×I)∪(I×{1})∪({1}×I) = η, it is obvious that η ∗ γ ≃ cx˜0 rel I˙ .
By a similar proof to the above, we can replace wuphl with whupl.
Theorem 3.5. A fibration p : E −→ B has whupl if only if every loop in each fiber
is nullhomotopic.
Corollary 3.6. If p : E → B is a fibration, then whupl and wuphl are equivalent.
Remark 3.7. Note that the converse of Corollary 3.6 does not necessarily hold. As
an example, if p : {∗} −→ I is the constant map ∗ 7→ 0, then p has wuphl and
whupl but p is not a fibration. To see this, let f˜ : X −→ {∗} defined by x 7→ ∗
and F : X × I → I defined by F (x, t) = t, then p ◦ f˜ = F ◦ J0. But there is no
map F˜ : X × I −→ {∗} such that p ◦ F˜ = F because p ◦ F˜ (x, 0.5) = p(∗) = 0 but
F (x, 0.5) = 0.5.
It is known that if p : E → B is a fibration with upl, then the induced homomor-
phism by p, p∗ : pi1(E, e0) → pi1(B, b0) is a monomorphism [10, Theorem 2.3.4]. By
Proposition 2.4 and Corollary 3.6, we have a similar result for fibrations with whupl.
Corollary 3.8. If p : (E, e0) −→ (B, b0) is a fibration, then whupl is equivalent to
injectivity of p∗ : pi1(E, e0) −→ pi1(B, b0).
Corollary 3.9. For a fibration p : E −→ B with wuphl and path connected fibers,
the induced homomorphism p∗ : pi1(E, e0) −→ pi1(B, b0) is an isomorphism.
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Proof. Let [α] ∈ pi1(B, b0) and α˜ be a lifting of α starting at e0, then α˜(1) ∈ p
−1(b0).
Assume that λ is a path in p−1(b0) from α˜(1) to e0, then [α˜ ∗ λ] ∈ pi1(E, e0) and
p∗([α˜∗λ]) = [α∗cb0 ] = [α]. Hence p∗ is onto. Injectivity of p∗ comes from Proposition
2.4 (ii).
Note that path connectedness of fibers is essential in the previous theorem. For
example, let p be the exponential map R → S1 which is a covering map. Clearly,
fibers are discrete and we know that p is a fibration with upl and so by Proposition
3.1 (ii), p has wuphl, but p∗ is not an isomorphism.
The results of this section can now be summarized in the following diagram.
uphl
hupl
upl
s❦
✰
✸❄
✻ wuphl whupl
s ✲✛
❦
The following two diagrams give a comparison of relationship between the five
kinds of the unique paths liftings.
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upl upl
uphl uphl
hupl hupl
wuphl wuphl
whupl whupl
✌
✍
✌
✍
❄
✻
❄
✻
✇
◆ ◆
✲ ✲
✲ ✲
⑦ ⑦
✸
✲
for fibrations
❄ ❄
✼
✴
✼
It is well known that in fibrations, fibers have the same homotopy type and in fibra-
tions with upl and path connected base space, every two fibers are homeomorphic
(see [10, Lemma 2.3.8]). In the following example, we show this fact fails if we replace
upl with wuphl (whupl).
Example 3.10. Let E = {(x, y) ∈ R2|x ≥ 0, y ≥ 0, y ≤ 1 − x}, B = [0, 1] and
p : E −→ B be the projection on the first component which is clearly a map. For
given maps F : X × I −→ B and f : X −→ E with F ◦ J0 = p ◦ f , define
F˜ : X × I −→ E by F˜ (x, t) = (F (x, t), pr2 ◦ f) which is continuous and it shows that
p is a fibration. But p−1(0) = {0} × I and p−1(1) = {(1, 0)} which imply that p does
not have upl, but p has wuphl and its fibers are not necessarily homeomorphic.
Another different influence of upl and wuphl on the fibrations is uniqueness of
the lifted homotopy as follows.
Proposition 3.11. Let p : E → B be a fibration. Then p has upl if and only if
it has unique homotopy lifting property, namely, every homotopy in B can be lifted
uniquely to E.
Proof. Let p be a fibration with unique homotopy lifting property, f˜ : {∗} → E be
defined by f˜(∗) = e0, α be a path in B starting at b0 := p(e0) and F : {∗}×I → B be
defined by F (∗, t) = α(t). Then p◦ f˜(∗) = b0 = α(0) = F (∗, 0) = F ◦J0(∗). Since p is
a fibration, there is F˜ : {∗}×I → E with p◦F˜ = F, F˜ ◦J0 = f˜ . Define α˜(t) = F˜ (∗, t),
then p ◦ α˜ = p ◦ F˜ = F = α, α˜(0) = F˜ (∗, 0) = f˜(∗) = e0, and so α˜ is a lifting of
α beginning at e0. Let β˜ be another lifting of α beginning at e0, then by defining
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G˜ : {∗} × I → E by G˜(∗, t) = β˜(t), we have p ◦ G˜(∗, t) = p ◦ β˜(t) = α(t) = F (∗, t)
and G˜ ◦ J0(∗) = G˜(∗, 0) = β˜(0) = e0 = f˜(∗). Uniqueness of homotopy lifting implies
that F˜ = G˜ and hence F˜ (∗, t) = G˜(∗, t) which implies that α˜(t) = β˜(t).
Conversely, let p be a fibration with upl and f˜ : Y → E, F : Y × I → B be
two maps with p ◦ f˜ = F ◦ J0. Also, let F˜ , G˜ : Y × I → E be two maps with
p ◦ F˜ = p ◦ G˜ = F , and F˜ ◦ J0 = G˜ ◦ J0 = f˜ . For an arbitrary fixed y ∈ Y ,
let α(t) = F˜ (y, t) and β(t) = G˜(y, t), then p ◦ α(t) = p ◦ F˜ (y, t) = F (y, t) and
p ◦ β(t) = p ◦ G˜(y, t) = F (y, t). Also,
α(0) = F˜ (y, 0) = F˜ ◦ J0(y) = G˜ ◦ J0(y) = G˜(y, 0) = β(0).
Since p has upl, we have α(t) = β(t) and hence F˜ (y, t) = G˜(y, t) which implies that
F˜ = G˜.
Proposition 3.12. A fibration p : E → B has wuphl if it has homotopically unique
homotopy lifting property, namely, for every topological space Y , any homotopy F :
Y × I → B and every map f˜ : Y → E with p ◦ f˜ = F ◦ J0, if there exist homotopies
F˜ , G˜ : Y × I → E such that p ◦ F˜ = F , F˜ ◦ J0 = f˜ , p ◦ G˜ = F and G˜ ◦ J0 = f˜ , then
F˜ ≃ G˜, rel {y0} × I˙, for a fixed y0 ∈ Y .
Proof. By Corollary 3.6, it is enough to prove that p has whupl. Let α be a path
in B from b0 to b1 and α˜, β˜ : I → E be two liftings of α from e0 to e1. Also,
assume that F : {∗} × I → B is defined by F (∗, t) = α(t) and f˜ : {∗} → E
is defined by f˜(∗) = e0. Then p ◦ f˜(∗) = e0 = α(0) = F (∗, 0) = F ◦ J0(∗). Let
F˜ , G˜ : {∗} × I → E be two map such that F˜ (∗, t) = α˜(t) and G˜(∗, t) = β˜(t). Then
p◦F˜ (∗, t) = p◦α˜(t) = α(t) = F (∗, t) and F˜ ◦J0(∗) = F˜ (∗, 0) = α˜(0) = e0 = f˜(∗) and
also, p◦G˜(∗, t) = p◦β˜(t) = α(t) = F (∗, t) and G˜◦J0(∗) = G˜(∗, 0) = β˜(0) = e0 = f˜(∗).
By assumption, there exists H1 : {∗}× I × I → E such that H1 : F˜ ≃ G˜ rel {∗}× I˙.
Define H : I × I → E by H(t, s) = H1(∗, t, s). It is easy to see that H : α˜ ≃ β˜ rel
I˙.
Note that the converse of the above proposition does not hold, in general. Let
p : {0} × I → {0} be the projection, F : I × I → {0} be the constant homotopy
F (t, s) = 0 and f˜ : I → {0} × I be defined by f˜(t) = (0, 1
2
). Since the only fiber of p
is simply connected, p is a fibration with wuphl. Now, let F˜ and G˜ : I× I → {0}× I
be two homotopies defined by F˜ (t, s) = (0, 1−s
2
) and G˜(t, s) = (0, 1+s
2
), respectively.
Then p◦ F˜ = F , F˜ ◦J0 = f˜ , p◦ G˜ = F and G˜◦J0 = f˜ . Note that F˜ is not homotopic
to G˜ relative to {0} × I˙.
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4. Categorical Viewpoints
Topological spaces as objects and fibrations with upl as morphisms make a cat-
egory. Also, fibrations with upl and commutative diagram between them and fibra-
tions with upl over a based space B and commutative triangles between them are two
categories which have product and coproduct (see [10, Section 2.2]). In this section,
we state some categorical properties of fibrations with wuphl.
Proposition 4.1.
i) Composition of two maps with wuphl is a map with wuphl.
ii) Composition of two fibrations with wuphl is a fibration with wuphl.
Proof. Part (i) comes from the definition and part (ii) is a consequence of Theorem
3.4.
By the above proposition, there is a category whose objects are fibrations with
wuphl and whose morphisms are commutative diagrams of maps
E
h
//
p

E ′
p′

B
h′
// B′
where p : E −→ B and p′ : E ′ −→ B′ are fibrations with wuphl. We denote this
category by Fibwu which has Fibu as a subcategory. Also, for a given space B,
there exists another subcategory of Fibwu, denoted by Fibwu(B), whose objects are
fibrations with wuphl which have B as the base space and whose morphisms are
commutative triangles
E
h
//
p
  
❆
❆
❆
❆
❆
❆
❆
❆
E ′
p′

B
Obviously, Fibu(B) is a subcategory of Fibwu(B). Note that in the above diagram
although p, p′ are fibrations, h is not necessarily a fibration. By the following propo-
sition and example, we show that upl property of p, p′ is sufficient for h being a
fibration with upl, while wuphl property is not.
Proposition 4.2. Every morphism in the category Fibu(B) is a fibration with upl.
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Proof. Consider a morphism in Fibu(B) as follows:
E
h
//
p
  ❆
❆
❆
❆
❆
❆
❆
❆
E ′
p′

B
Let Z be a space, f˜ : Z → E be a map and F : Z × I → E ′ be a homotopy such
that h ◦ f˜ = F ◦ J0. Then p
′ ◦ h ◦ f˜ = p′ ◦ F ◦ J0 and so p ◦ f˜ = (p
′ ◦ F ) ◦ J0. Since
p is a fibration, there is a homotopy G˜ : Z × I → E such that p ◦ G˜ = p′ ◦ F and
G˜ ◦ J0 = f˜ . Hence p
′ ◦h ◦ G˜ = p′ ◦F and h ◦ G˜ ◦ J0 = h ◦ f˜ = F ◦ J0. For an arbitrary
fix z ∈ Z, we have p′ ◦ h ◦ G˜(z,−) = p′ ◦ F (z,−) and h ◦ G˜(z, 0) = F (z, 0). Since p′
has upl, we have h◦ G˜(z,−) = F (z,−) and since z is arbitrary, h◦ G˜ = F . Therefore
h is a fibration. Moreover, h has upl. To show this, let α˜ and β˜ be two paths in E
beginning from the same point and h ◦ α˜ = h ◦ β˜. Then p′ ◦ h ◦ α˜ = p′ ◦ h ◦ β˜ and so
p ◦ α˜ = p ◦ β˜. Since p has upl, we have α˜ = β˜.
Example 4.3. Let CS1 be the cone over S1, S1×I/(z, 1) ∼ (z′, 1). Then p : CS1 −→
{[(z, 1)]} and p′ : I −→ {[(z, 1)]} are fibrations with wuphl. Define h : CS1 −→ I
by h([(z, t)]) = t for every z ∈ S1 and any t ∈ I. Obviously p′ ◦ h = p but h is
not a fibration since its fibers do not have the same homotopy type, for example
h−1(1) = {[(1, 1)]} while h−1(0.5) = {[(z, 0.5)]|z ∈ S1} which is homeomorphic to S1
.
It is known that any family of objects in the categories Fibu and Fibu(B) has a
product and coproduct (see [10, pp. 69-70]). Now, we are going to show that this
fact holds in the category Fibwu and Fibwu(B).
Proposition 4.4. The product of fibrations with wuphl is a fibration with wuphl.
Proof. Since the product of fibrations is a fibration, it is sufficient to show that every
loop in each fiber of product of fibrations is nullhomotopic. But this is because of
that a loop in a fiber of a product of fibrations is a product of loops each of which is
in a fiber of a fibration with wuphl.
To show that Fibwu(B) has the products, let us to recall the Whitney sum of
fibrations. If {pj : Ej → B|j ∈ J} is an indexed collection of fibrations with wuphl
over the space B, define
⊕B,JEj = {(ej)j ∈ ⊓jEj |ej ∈ Ej , and pj(ej) = pi(ei), for i, j ∈ J}
14
and also define
⊕B,Jpj : ⊕B,JEj → B
(ej)j ֌ pj(ej).
Since (⊕B,Jpj)
−1(b) = {(ej)j ∈ ⊓jEj |pj(ej) = b, for j ∈ J}, the fibers of ⊕B,Jpj are
the product of the fibers of pj and so we can deduce that ⊕B,Jpj is a fibration with
wuphl.
Proposition 4.5. Let {pj : Ej → B|j ∈ J} be an indexed collection of fibrations with
wuphl on the space B. Then ⊕B,Jpj is a fibration with wuphl.
The following result is a consequence of Propositions 4.4, 4.5.
Theorem 4.6. The categories Fibwu and Fibwu(B) have products.
Suppose {pj : Ej → Bj |j ∈ J} is an indexed collection of objects in Fibwu and
⊔jEj is the disjoint union of Ej ’s. Then q : ⊔jEj −→ ⊔jBj given by q|Ej = pj is a
fibration and since a fiber of q is a fiber of one of pj
,s, every loop in the fibers of q
is nullhomotopic and hence q has wuphl. Also, if {pj : Ej → B|j ∈ J} is an indexed
collection of objects in Fibwu(B), then q′ : ⊔jEj −→ B given by q
′|Ej = pj is also a
fibration. Note that fibers of q′ are the disjoint union of fibers of pj
,s and so every
loop in fibers of q′ is nullhomotopic. Hence q′ has wuphl. Therefore, we have the
following result.
Theorem 4.7. The categories Fibwu and Fibwu(B) have coproducts.
If f : X → B is a map, we define a functor from Fibwu(B) to Fibwu(X) and we
show that this functor preserves the universal objects. Recall that if p : E → B is a
fibration, then the projection f ∗p : X ×B E → X is a fibration which is called the
fibration induced from p by f (see [10, page 98]). Now, we have the following result.
Proposition 4.8. If p : E −→ B is a fibration with wuphl and f : X −→ B is a
map, then f ∗p is a fibration with wuphl.
Proof. let α, β be paths in X ×B E with the same initial point and the same end
point. Then α = (α1, α2) and β = (β1, β2), where α1, β1 and α2, β2 are paths in X
and E, respectively. Also, since α(0) = β(0), α(1) = β(1), we have α1(0) = β1(0),
α2(1) = β2(1). Assume (f
∗p) ◦ α ≃ (f ∗p) ◦ β rel I˙. By definition α1 ≃ β1 rel I˙.
Hence f ◦ α1 ≃ f ◦ β1 rel I˙ and since (α1(t), α2(t)) ∈ X ×B E for all t ∈ I, we have
p ◦α2 ≃ p ◦ β2 rel I˙. But p has wuphl and therefore α2 ≃ β2 rel I˙. Hence α ≃ β rel I˙
which implies that f ∗p has wuphl.
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We know that f ∗ : Fib(B)→ Fib(X) is a functor. Thus, by the above proposition,
we have the following result.
Theorem 4.9. For any map f : X −→ B, f ∗ : Fibwu(B)→ Fibwu(X) is a functor.
Proposition 4.10. If f : X → B and p : E → B are two objects in Fibwu(B), then
the projection q2 : X ×B E → E is an object in Fibwu(E).
Proof. Consider two maps f˜ : Z → X ×B E and F : Z × I → E with q2 ◦ f˜ = F ◦ J0.
Then f˜(z) = (pr1 ◦ f˜(z), F (z, 0)) and f ◦ pr1 ◦ f˜(z) = p ◦ F (z, 0). Let G := p ◦ F .
Then f ◦pr1 ◦ f˜ = G◦J0 and since f is a fibration, there exists a map G˜ : Z×I → X
such that f ◦ G˜ = G and G˜ ◦ J0 = pr1 ◦ f˜ . Hence f ◦ G˜ = p ◦F and so we can define
a map F˜ : Z× I → X×B E by F˜ (z, t) = (G˜(z, t), F (z, t)). Therefore q2 ◦ F˜ = F and
F˜ ◦ J0 = f˜ . A similar proof to Proposition 4.8 shows that q2 has wuphl.
Proposition 4.11. Let f : X → B and p : E → B be two objects in Fibu(B) (or
Fibwu(B)) such that p is a universal object. Then f ∗p : X ×B E → X is a universal
object in Fibu(X) (or Fibwu(X)).
Proof. Let g : E ′ → X be an object in Fibu(X). Then p′ := f ◦ g : E ′ → B is an
object in Fibu(B) and so universality of p follows that there exists a unique morphism
h : E → E ′ such that p′ ◦ h = p. Since p and f ◦ (f ∗p) are fibrations with upl, using
Proposition 4.2, the projection q2 is a fibration with upl and so h ◦ q2 is a fibration
with upl. Note that p′ ◦ h ◦ q2 = p ◦ q2 = f ◦ (f
∗p) and p′ ◦ q′2 = f ◦ (f
∗p′) where q′2 :
X ×B E
′ → E ′ is the projection. Therefore, the universality of the pullback X ×B E
′
follows that there exists a morphism k : X×BE → X×BE
′ such that f ∗p′◦k = f ∗p.
Define t = q′2 ◦ k, then t is a fibration with upl and g ◦ t = g ◦ q
′
2 ◦ k = f
∗p′ ◦ k = f ∗p.
By a similar argument to the above and using Proposition 4.10, we have the same
result for Fibwu(X).
Remark 4.12. Recently, Fischer and Zastrow [5] and Brazas [1, 2] have introduced
two new categories, the category of generalized coverings and the category of semi-
coverings over a given space X, denoted by GCov(X) and SCov(X), respectively. A
generalized covering map is a surjection map p : X˜ → X with a path connected
and locally path connected total space such that for every path connected and lo-
cally path connected space Y , any x˜ ∈ X˜, and any map f : (Y, y) → (X, p(x˜))
with f∗pi1(Y, y) ⊆ p∗pi1(X˜, x˜), there exists a unique map f˜ : (Y, y)→ (X˜, x˜) such that
p◦ f˜ = f , (see [1, 5]). Also, a semicovering map is a local homeomorphism which has
upl and path lifting property (see [7, Corollary 2.1]). The category of covering spaces
of X, Cov(X) is a subcategory of GCov(X) and SCov(X). Note that these categories
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are not equivalent to Fibu(X) and Fibwu(X). For comparing these categories, the fol-
lowing diagram summarizes a number of implications of relations between classical
coverings and their generalizations. According to the enumeration of the implications
in the following diagram, for each arrow a reference or a proof is given. The label
(1,⇒) means, that an argument is to be given, why this implication is true, while
(1,:) means, that an argument is to be given, why the converse of this implication
does not hold in general.
connected
connected
Covering
(1)(2)
(3) (4)
(5)
(6)
(7)
(8)
Fibration
with upl
Generalized
covering
Fibration
with
wuphl
✛
❄
❘❂
⑥ ✒
③
❖
(9)(10)
Semi
covering
✻
✾
✛
(1,⇒): Follows from Theorems 2.2.2 and 3.2.2 of [10].
(1,:): Let p : S1 × N → S1 be defined by p(z, n) = zn. Then the restriction of p
to the n-th componenet, namely, pn : S
1 × {n} → S1 with pn(z, n) = p(z, n) is a
covering map and so is a fibration with upl. Therefore, by Theorem 2.3.2 of [10], p
is a fibration. Moreover, it is easy to see that p has upl, but p is not a covering map
(see [2, Example 3.8]).
(2,⇒): Refer to [10].
(2,:): Because every generalized universal covering is a generalized covering and
using Example 4.15 of [5], a generalized universal covering is not necessarily a cov-
ering map.
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(3,⇒): Since a covering map is a local homeomorphism which has path lifting and
upl.
(3,:): The same counterexample as for (1).
(4,⇒): Follows from (1) and Proposition 3.1 (ii).
(4,:): The same counterexample as for (1).
(5,⇒): It is Proposition 3.1 (ii).
(5,:): It is Example 3.3.
(6,⇒): Follows from Theorem 2.4.5 of [10].
(6,:): Similar to (2,:), Example 4.15 of [5] is a generalized universal covering
which is not a fibration (with upl).
(7,⇒): See page 9 of [4].
(8): If “fibration with wuphl”⇒ “semicovering”, then by Proposition 3.1 (ii)“fibration
with upl” ⇒ “semicovering”, which contradicts to (9).
(9): Let p : E × ({0} ∪ { 1
n
|n ∈ N}) → E be the trivial bundle, then p is a fibration
with upl. But since p is not a local homeomorphism, p is not a semicovering.
(10): By (6,:) we have “generalized covering” ; “fibration (with wuphl)”. Also,
“fibration with wuphl” ; “generalized covering” because in the otherwise since a
generalized covering map has upl, we have “fibration with wuphl”⇒ “fibration with
upl”, which is a contradiction (see Example 3.3).
5. Some Fibration Subgroups
In this section, we introduce some normal subgroups of the fundamental group
of a given space X related to its fibrations. Then we compare them with the other
well known subgroups of the fundamental group of X .
Definition 5.1. Let X be a space and x0 ∈ X.
(i) By the fu-subgroup of pi(X, x0) we mean the intersection of all the image subgroups
of fibrations over X with upl. We denote it by pifu1 (X, x0).
(ii) By the fwu-subgroup of pi1(X, x0) we mean the intersection of all the image sub-
groups of fibrations over X with wuphl. We denote it by pifwu1 (X, x0).
Proposition 5.2. For a given space X and x0 ∈ X, we have
pifwu1 (X, x0)E pi
fu
1 (X, x0)E pi1(X, x0).
Proof. Obviously, pifu1 (X, x0) and pi
fwu
1 (X, x0) are subgroups of pi1(X, x0) and by
Proposition 3.1, pifwu1 (X, x0) ⊆ pi
fu
1 (X, x0). We show that they are normal sub-
groups of pi1(X, x0). Let [α] ∈ pi1(X, x0), [β] ∈ pi
fu
1 (X, x0) (or pi
fwu
1 (X, x0)) and
H be an arbitrary image subgroup of a fibration with upl (wuphl) p over X , namely,
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H = p∗pi1(X˜, x˜), where x˜ ∈ p
−1(x0). Let α˜ be a lifting of α at x˜. Since [β] ∈
pifu1 (X, x0) (or pi
fwu
1 (X, x0)) and α˜(1) ∈ p
−1(x0), [β] ∈ p∗pi1(X˜, α˜(1)) and so there is
a loop β˜ at α˜(1) such that β˜ is a homotopically lifting of β. Thus α˜∗ β˜ ∗ α˜−1 is a loop
and a homotopically lifting of α∗β∗α−1 at x˜ which implies that [α∗β∗α−1] ∈ H .
Let S = {pj : Ej → B|j ∈ J} be an indexed collection of fibrations with upl over
B. We know that their product, ⊓j∈Jpj : ⊓jEj → ⊓jB is a fibration with upl, [10,
Theorem 2.2.7]. Also q := △∗(⊓jpj) : B ×⊓jB (⊓jEj) → B is a fibration with upl,
where △ : B → ⊓jB is the diagonal map △(b) = (b)j (see [10, page 98]).
Theorem 5.3. For a given space B and every b ∈ B, pifu1 (B, b) is the image subgroup
of a fibration with upl over B.
Proof. Let {Hj|j ∈ J} be the family of image subgroups of fibrations with upl
over B. For every j ∈ J , there is a fibration with upl pj : Ej → B such that
pj∗pi1(Ej, ej) = Hj , for an ej ∈ p
−1
j (b). Fix ej as the base point of Ej and let p :=
⊓j∈Jpj : ⊓jEj → ⊓jB. Then △
∗p : △∗(⊓jEj) → B is a fibration with upl, where
△∗(⊓jEj) := B ×⊓jB (⊓jEj). We show that the image of (△
∗p)∗ is ∩j∈JHj. Let
[β] ∈ pi1(△
∗(⊓jEj), (b,⊓jej)). Then β = (α,⊓jγj), where α is a loop in B at b and
for every j ∈ J , γj is a loop in Ej at ej . By definition of pullback,
△ ◦ α = (⊓jpj) ◦ (⊓jγj) = ⊓j(pj ◦ γj)
which implies that pj ◦ γj = α, for any j ∈ J . Hence we have
pj∗[γj] = [pj ◦ γj ] = [α]⇒ [α] ∈ pj∗pi1(Ej , ej) = Hj ⇒ [α] ∈ ∩jHj.
Therefore (△∗p)∗([β]) = [(△
∗p) ◦ β] = [(△∗(⊓jpj)) ◦ (α,⊓jγj)] = [α] and hence
(△∗p)∗pi1(△
∗(⊓jEj)) ⊆ ∩jHj .
Conversely, let [α] ∈ ∩jHj. Then for every j ∈ J , [α] ∈ Hj = pj∗pi1(Ej, ej), for
an ej ∈ p
−1
j (b). For every j ∈ J , there is a loop δj in Ej at ej such that pj ◦ δj ≃ α
rel I˙. Let γj be the lifting of α at ej by pj. Since pj is a fibration with upl property,
by Proposition 3.1 (i), pj has uphl and hence γj ≃ δj rel I˙ and so γj is a loop at ej .
Therefore, if we put β := (α,⊓jγj), then β is a loop in △
∗(⊓jEj) since
(⊓jpj) ◦ (⊓jγj) = ⊓j(pj ◦ γj) = ⊓jα = △ ◦ α
and
(△∗p)∗([β]) = [(△
∗p) ◦ β] = [(△∗p) ◦ (α,⊓jγj)] = [α].
This implies that ∩jHj ⊆ (△
∗p)∗pi1(△
∗(⊓jEj), (b,⊓jej)).
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For an open covering U of a given space X and x0 ∈ X , pi(U , x0), the Spanier
subgroup with respect to U , is the subgroup of pi1(X, x0) consisting of all homotopy
classes of loops that can be represented by a product of the following type
n∏
j=1
αj ∗ βj ∗ α
−1
j ,
where the αj’s are arbitrary paths starting at the base point x0 and each βj is a
loop inside one of the neighborhoods Ui ∈ U . Spanier [10] used this subgroup for
classification of covering spaces of a given space. In fact, for every open cover U of
X , there exists a covering map p : X˜U → X such that p∗pi1(X˜U , x˜0) = pi(U , x0) and
conversely, for every covering map p : X˜ → X , there exists an open cover U of X
such that p∗pi1(X˜, x˜0) = pi(U , x0) (see [10, Theorems 2.5.12-13]). The Spanier group
of a given space X , pisp1 (X, x0), which is introduced in [6] is the intersection of all
pi(U , x0), for every open cover U of X . Mashayekhy et.al [8] used the Spanier group
for the existence of some universal coverings of spaces with bad local behaviour.
They showed in [8] that if p : X˜ → X is a categorical universal covering of X , then
p∗pi1(X˜, x˜0) = pi
sp
1 (X, x0). But the existence of such categorical universal covering is
not possible in general and we need X has some local properties which are introduced
in [9]. Note that these local conditions are not necessary when we work with fibrations
with upl. In the following theorem, we will compare these subgroups.
Proposition 5.4. If X is a connected and locally path connected space, then
pifwu1 (X, x0) ⊆ pi
fu
1 (X, x0) ⊆ pi
sp
1 (X, x0).
Proof. The left inclusion holds by Proposition 3.1 (ii). For the right inclusion, let
U be an open cover of X . Using [10, Theorems 2.5.13] there exsits a covering map
p : X˜U → X with p∗pi1(X˜U , x˜0) = pi(U , x0). Since every covering map is a fibration
with upl, we have pifu1 (X, x0) ⊆ pi(U , x0). Since U is arbitrary we can conclude that
pifu1 (X, x0) ⊆ pi
sp
1 (X, x0).
Brazas [1] has introduced the subgroup pigc1 (X, x) which is the intersection of all
the image subgroups of generalized covering maps of X . It is shown that pigc1 (X, x)
is a generalized covering subgroup of pi1(X, x) (see [1, Theorem 2.3.15]). Since every
fibration with upl is a generalized covering map [10], we have the following result.
Proposition 5.5. For a given space X and x0 ∈ X, we have
pigc1 (X, x0) ⊆ pi
fu
1 (X, x0) ⊆ pi
sp
1 (X, x0).
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Remark 5.6. Note that by Remark 4.12, there is no relationship between generalized
coverings and fibrations with wuphl in general which implies that there is no inclusion
relation between pigc1 (X, x) and pi
fwu
1 (X, x).
Let p : X˜ → X be a simply connected universal object in the category Fibu(X),
i.e, pi1(X˜, x˜) = 0. Then since pi
fu
1 (X, x) ⊆ p∗pi1(X˜, x˜), we have pi
fu
1 (X, x) = 0. Con-
versely, let pifu1 (X, x) = 0. We know that the category Fibu(X) has a universal object
p : (X˜, x˜) → (X, x) [10, page 84]. If p′ : (Y˜ , y˜) → (X, x) is an arbitrary object in
Fibu(X), then there is an object q : (X˜, x˜)→ (Y˜ , y˜) such that p′ ◦ q = p. Therefore
p∗pi1(X˜, x˜) = (p
′ ◦ q)∗pi1(X˜, x˜) = p
′
∗ ◦ q∗(pi1(X˜, x˜)) ⊆ p
′
∗pi1(Y˜ , y˜)
which implies that
p∗pi1(X˜, x˜) ⊆
⋂
{p′∗pi1(Y˜ , y˜)| p
′ : (Y˜ , y˜)→ (X, x) is an object of Fibu(X)}
Hence p∗pi1(X˜, x˜) ⊆ pi
fu
1 (X, x) = 0 and so p∗pi1(X˜, x˜) = 0.
Since p∗ is a monomorphism, pi1(X˜, x˜) = 0 and hence X˜ is simply connected. Thus
we have the following result.
Theorem 5.7. For a given space X and x ∈ X, the category Fibu(X) admits a
simply connected universal object if and only if pifu1 (X, x) = 0.
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